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In an  ana lys i s  of the numer i ca l  solution of the nonlinear i nve r se  heat -conduct ion  p rob l em in 
a reg ion  with moving boundar ies ,  a r egu la r i za t ion  method is used  to const ruct  an a lgor i thm 
for  smoothing the expe r imen ta l  data in a compi la t ion  of the input data for  the i nve r se  p rob-  
lem.  

The inverse heat-conduction problems constitute an extremely important and rapidly developing 
branch of the theory of the unsteady thermal experiment. Of particular importance in studies of high- 
temperature processes are the nonlinear formulations of the inverse problems, in which the thermal 
properties of the material depend on the temperature. 

Below we outline a numerical method for solving the inverse problem for the case of the one-dimen- 
sional quasilinear heat-conduction equation with a continuous heat source and a convective term. This 
model corresponds, in particular, to the three-dimensional thermal destruction of the material of an ob- 
ject, with the flow of the resulting gaseous products in the pores of the object. 

This method is based on an implicit difference scheme; the integration is carried out along the di- 
rection of the spatial variable [1]. This approach to the solution of this problem is taken under the assump- 
tion that implicit difference schemes should have significant "viscous" properties for this choice of the 
direction of integration of the heat-conduction equation. This hypothesis is verified in the numerical use 
of the method, so that it becomes possible to obtain a regular solution of the inverse problem with short 
time steps, even if the input temperatures are afflicted with certain (small) errors. 

The analytic form of this problem is as follows: 

Ot Ox ox / ox ' (1) 

xl( t )<x < x3(O, o<t<tm, 

T (x, 0) ---- r (x), X z (0) .~< x ~ X 3 (0), (2) 

--)~ (T (X~ (t), t)) OT (X s (t), t) _ q3 (t), (3) 
Ox 

T (x~ (t), t) = f (t), x ,  (t) < x ,  (t) ~ X 8 (t), 14) 

where  C(T), h(T), k(T), ~(T), Xl(t), X2(t), q~(t), and f(T) a r e  known functions.  We a re  to de t e rmine  the 
heat  flux at the lef t -hand boundary of the reg ion  and the t e m p e r a t u r e  field within the object under initial  
condition (2) and under  the boundary condition at  the r ight -hand boundary,  condition (3). We a lso  know 
the t e m p e r a t u r e  at a point within the object .  The p rob lem is compl ica ted  by the externa l  moving boun- 
da r i e s  and the moving boundary with the known t e m p e r a t u r e .  F r o m  the physica l  standpoint,  the motion 
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of t h e s e  b o u n d a r i e s ,  which  is  d e s c r i b e d  by the  funct ions  X t (t), X2(t)~and X 3(t), can  c o r r e s p o n d  to  l inea r  
r e m o v a l ,  t h e r m a l  s h r i n k a g e ,  or  expans ion  of the m a t e r i a l .  

T h e  f i r s t  s t ep  in the  so lu t ion  of p r o b l e m  (1)- (4) is to  r e d u c e  it to  a Cauchy p r o b l e m .  F o r  this  p u r -  
p o s e  we need to  find the  t e m p e r a t u r e  f ield in the  r e g i o n  D2{X2(t) -< x -< X3(t), 0 - t -< tm_l and thus to  d e t e r -  
mine  the  hea t  f lux q2(t) a t  the  bounda ry  X2(t). This  is a we l l - s t ud i ed  b o u n d a r y - v a l u e  p r o b l e m ,  and n u m e r i -  
ca l  so lu t ion  methods  a r e  ava i l ab le  [2, 3]. 

In the  r e g i o n  DI{XI{t) -< x <- X2(t), 0 <- t <- tin} we a r e  thus conf ron ted  with the p r o b l e m  of d e t e r m i n -  
ing the t e m p e r a t u r e  field and the b o u n d a r y  condi t ions  T[XI(t),  t ] ,  qt(t) f r o m  the known funct ions  T[X2(t) , t] 
and q2(t): 

C(T) otOT OxO (X(T)~Z-x ) . k(T) O_~T _!_r 
�9 o x  (5) 

X ~ ( t ) < x <  X~(t), 0 < t ~  t,,: 

T (x, 0) = cp (x), X, (0) ~< x.~. X~ (0), (6) 

- -  ~, (T (X 2 (t), 0) .0r  (X2(t), t) = q~(t), (7) 
ox 

T (X~ (t), t )  = f(t). (8) 

F r o m  the computa t iona l  s tandpoin t  it is  m o r e  convenient  to  use  a r e c t a n g u l a r  r a n g e  for  the independent  
v a r i a b l e s .  To  c a r r y  out the  a p p r o p r i a t e  t r a n s f o r m a t i o n  of the  or ig ina l  r eg ion ,  we use  the  new v a r i a b l e s  
[4] 

x -- X, (0 ~- -  , t = L  
X~ (0 -- X, (t) (9) 

which "straighten out" the fronts. Then (5)-(8) can be rewritten as 

! ~ T  -F 03, ( a T  ~'1 : C(T) OT = [),(T)----~. -~- \ -t- 
Ot lx~. (~) - -  x ,  ( t ) l  ~ L -~ o~ / _1 

+ C (7") I)~ (t) + ~ (X~ (t) - -  )~ (t))] -F k (T) 0T 
X$ (T) - -  X 1 ('~) O~ I ~ (T), 

0 < ~ < 1 ,  0 < t .<. tm, 

T(~, 0) = r 0.~<~< I. 

~.(T(I, T)) OT(I, t) 
= q~ (t), 

X2 (t) - -  X,(t) 0~ 

We in t roduce  the d i f f e r ence  gr id  

T (I, t) = f (t). 

h, hT(~,----hi, i = 0 ,  1 . . . .  , n; T I = A T . ] ,  j = 0 ,  1, . . . ,  m), 

w h e r e  h is the  spa t i a l  s t ep  and Ar is the  t i m e  s tep .  A p p r o x i m a t i n g  the  de r iva t i ve s  by 

(OF)i_ T!+, Ti-~ (07")J_ T{+,--T, 
i 2A'~ ' - - ~ - -  i h ' 

0*T ~i T{+2-- 2T{+, + Ti 
- ~ r ] ~  = h~ , 

we find the  fol lowing d i f f e r e n c e  ana log  of Eq.  (10) fo r  each  i - t h  spa t i a l  l a y e r :  

A{ T~ +' -F B~ 7",1" + D~ T[- '  = F{, j = 1, 2 . . . . .  m - -  I, 

w h e r e  

Ai- ci 
2At ' 

h (X{ - -  X{) 

cl 
2At ' 

h ~ (x~ - x{) 2 

(1o) 

(ii) 

(12) 

(13) 

(14) 
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1 i~. 'i r i + , - r i  ' 
F{= (X{ZX{)~ h ~ + \  OT ], . h 

f , i  r)~.~ 
x i T~+, r 

(X.~ - -  X,)  

To close the system of equations we also need to specify two boundary conditions, at r = 0 and r = Tin, 
where T m iS the right-hand limit of the time interval. From the initial temperature distribution we have 
T O = ~0 i. As the second condition we can use one of the a priori relations 

OTt('r,~) ~ T ~ - - T ~ - '  bl ~ d[(z~) --eonst, (15) 

0~ " ~  a~ ~ = b~ ~ ----d~-- = const, (16) 

i - - - - n - - l ,  n - - 2  . . . .  , 0 

or we can  app rox ima te  Eq.  (10) with j = m by the d i f fe rence  s c h e m e  

- ~ - '  - M .~ 0-7)  

where M~ is an operator approximating the right side of Eq. (10). Conditions (16) and (17) cause smaller 
distortions in the vicinity of the right-hand limit of the time interval. 

In r e l a t i on  (16) the  quantity T m + l  i can  be  t aken  f r o m  d i f fe rence  equat ion (10) with j = m.  

Accordingly ,  in each  i - t h  spa t i a l  l aye r  we mus t  so lve  a s y s t e m  of nonl inear  a lgeb ra i c  equations [in 
the  ca se  r = r m  we can  use ,  e . g . ,  r e l a t i on  (15)]: 

A/'r~+' + Bi Ti + ~ r i - '  Fi, ] = I, 2, m - -  1, i l i  ~ . . . ,  

T7 = T?-'  + b~a,~. 

(18)  

Sys tem (18) is  solved by the pivotal  condensat ion method with i t e ra t ions  in t e r m s  of the coeff ic ients .  The  
i t e r a t i ve  p r o c e s s  is ended when the condit ion 

max tTI '"+'~ - -  r{('~! ~ 
1 

b e c o m e s  sa t i s f ied ;  h e r e  p is  the number  of the i t e ra t ive  s tep  and ~ > 0 is  a p re spec i f i ed  quantity.  

Solving p r o b l e m  (18) in each  spa t ia l  l aye r ,  we find the  t e m p e r a t u r e  field in reg ion  D 1. Then the heat  
flux can be de te rmined  by a s imple  ca lcula t ion on the bas i s  of a f in i te -d i f fe rence  approx imat ion  of the 
boundary  condition at  the  lef t -hand boundary :  

~. (T (0, ~)) OT (0, ~c) 
= ql (~)- (19)  

x~(~)--x~(~) o~ 

To begin  the ca lcula t ion  p r o c e s s ,  we need to speci fy  the t e m p e r a t u r e  p rof i l es  at  the f i r s t  two spa t ia l  
l a y e r s .  The f i r s t  prof i le  is de t e rmined  f r o m  condition (13), while the second is  calculated through a 
f in i t e -d i f f e rence  approx imat ion  of boundary  condition (7). 

Th is  a lgo r i t hm is an  ins tance  of one of the d i r ec t  methods for  solving the nonlinear  i nve r se  hea t -  
conduction p r o b l e m  with Cauchy data .  Because  of the " i nco r r ec t "  na ture  of the ini t ial  fo rmula t ion  of the  
p rob lem,  the ca lcula t ion  becom es  uns table  under  c e r t a i n  condit ions,  and a r e g u l a r  solut ion can  be found 
by app rop r i a t e ly  choosing the t i m e  of the integrat ion,  Ar [1]. 

E r r o r s  in the input data ,  which a r e  a lways  p resen t ,  s ince  m e a s u r i n g  ins t rument s  a r e  i m p e r f e c t ,  
s t rong ly  influence the d e g r e e  of ins tabi l i ty .  When d i r ec t  methods  ~re  used  for  solving the i nve r se  p rob -  
l e m s  it  i s  poss ib le  to r educe  that  min imum value of the in tegra t ion  t i m e  s tep  for  which the solut ion is  
s t i l l  smooth ,  by smoothing the  input t e m p e r a t u r e s .  The t r e a t m e n t  of the input data  should lead to a uni-  
f o r m  approx imat ion  of not only the function i t se l f  but a lso  i ts  f i r s t  de r iva t ives .  

T 

In gene ra l ,  a p r o b l e m  of this type is  an  " inco r rec t ly"  fo rmula ted  p rob lem,  and it can  be  thought of 
a s  the  p r o b l e m  of using a r egu l a r i z a t i on  method to  so lve  the ope ra to r  equat ion 
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Au = h, (20) 

where  f6 a r e  the input data ,  spec i f i ed  with s o m e  e r r o r s ,  and A is the unit  o p e r a t o r .  

We a s s u m e  that  the  funct ion f6 is  g iven  on the  u n i f o r m  g r i d  r~ = &7 "~, ~ = 0, 1 ,  2, 

We wr i t e  the r e g u l a r i z i n g  funct ional  of A.  N. T ikhonov  in  the  f o r m  

l i  II d'~ d~: d'(  ~ d '# II 

o r  

w h e r e  uj , 
n u m b e r s .  

rn m 

A-~ ~.~ 

- - ~  - -  [(ui+, - -  2u ,  -c ~ u i_ ,  ) - -  (ui+l - -  2u; -}- u;_~)] =, 
! = l  

(21) 

= 0, 1 . . . . .  m + 1 s e r v e s  as  the  " t r i a l "  so lu t ion  [6], and k 1 and k 2 a r e  c e r t a i n  nonnegat ive  

Minimiz ing  (21) with r e s p e c t  to  al l  uj, j = 1, 2 . . . . .  m, we find a s y s t e m  of l i nea r  a l g e b r a i c  equa-  
t ions  with a s y m m e t r i c  f ive -d iagona l  m a t r i x  fo r  d e t e r m i n i n g  the  r e g u l a r i z e d  so lu t ion :  

w h e r e  

a k , k  = 

a i . i u  ~ = b 3 ,  ] : 1, 2 . . . . .  m, 
k=]- -2  

1 + 2  cek, + 5  al~ , k - - - l ,  m - - t ,  
Az2 A v  ~ 

1 + 2  ak, + 6  ak~ -A§ - ~ ,  k = 2 ,  3, , , ~ - 2 ,  

I ~ akl ak.~ l e=  m; 
A~c----- ~ + A l - - i  - ,  

(22) 

i ak ,  4 a__k~__, k = 2 ,  3 . . . . .  m - - l ,  
AT 2 A~ 

a k , ~ - i  = ak-t .  k : { c~ka 2 ~ k . ~  k : -  m, 
A,~ Art 

O, k = l ;  

O , k = l ,  2, 

aN, 1~--2 ~ a k ~ 2 ,  k ~ ~[g2 
- ~ - - ,  k = 3 ,  4 . . . . .  m; 

" ~ ~" " - -  4u~ + 5u~ - -  2uo + 2u,,); o~ = h - ,~k~a~, ('; - 2,,~ + ~o + %) + W e -  "~ 

. ak~ . 4 "  6 "  " " b ~ = s  ~ ( u ; - 2 u ~ + u , ) +  Ae - -  ~ (u~ - -  u3 + u~ - -  4u, + uo - -  Uo); 

b k - - . ,  ~ (u .+,  - -  2uk + u k - 0  T ~ (u~+2 - -  4u},+, ~- 

k---3,  4, . . . ,  m ~ 2 ;  

bin-,  ~ akl  , .  �9 ak~ . . . . .  

b= = [. ,  o&, (u~_,  - -  u'.n) -~- a k ,  "u* - -  4u~_ ,  - -  5u*m - -  2u~+, 2C.,AT2); 
AT ~ ~ A~ ~ ~-~ 

and C m  = du ( rm) /dT i s  spec i f i ed  be fo rehand .  

We note tha t  the  va lue  u = f0 is  the  in i t ia l  condi t ion  fo r  the  h e a t - c o n d u c t i o n  p r o b l e m  at the  point  at  
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Fig. 1. I lesul ts  of a solution 
of the model inverse  problem 
through the use of exact, p e r -  
turbed,  and smoothed input 
data.  Solid lines) exact numer -  
ieal  solution: 1) Tw(r) for the 
case of exact input t empera -  
tu res ;  2) sawtooth per tu rba-  
t ion of the input data, Af = 
�9 0.05fmax, j = 1 ,  2 . . . . .  m; 
3) Tw(r) for the case  of p e r -  
turbed data; 4) input function 
recons t ruc ted  by r egu la r i za -  
t ion method; 5) Tw(r)_for the 

which the t empera tu re  is measured .  In the course  of the experiment 
this value can be measured  quite accura te ly ,  

The best  approximation is chosen on the basis  of the "d iscrep-  
ancy principle" [6]: where 

p (a) ~ (uj - -  ~)~ T = 5, 5 = ~7 , (23) 
j=l  i : l  

where ~j is the mean square  e r r o r  of the input data at t ime j. 

Condition (23) allows us .to construct  a method for automatical ly 
seeking the optimum approximation [5]. An a lgor i thm of this type 
was d iscussed  in [7]. If it is not possible to evaluate the m e a s u r e -  
ment e r r o r  5 during the experiments ,  use may be made of the quasi-  
op t imum-paramete r  method of [8], which is based on the internal 
convergence of the regular ized  solutions.  

In accordance  with the a lgor i thms given above, we compiled 
ALGOL-60 p rograms  and ca r r i ed  out calculations for model problems 
on an M-220 computer .  The resul ts  of one of these calculations are  
shown in Fig. 1. We assumed a hypothetical mater ia l  whose thermal  
proper t ies  depend on the t empera tu re  in the following manner :  

1 30 
C (7") = 2 )~ (T) = 3 - -  

0.02T ~ + 0,7T § 1 ' 1.3Tz -i- T + 15 ' 

k (T) -- ~ (T) = 0. 

The initial t empera tu re  distr ibution is assumed constant and equal to 
zero .  As the input data we used the t empera tu re  of the internal su r -  
face of a plate [at x = X2(r)]. Our problem was to determine the tem-  
pera tu re  at x = Xt (T). The boundaries of the plate moved according 
to the specified laws 

Xl (~) = 0, I~ (~ -i- 1), X~ (T) = I - -  0,1~ (~ ~,- I). 

case of smoothed data.  The exact values of the input t empera tu res ,  f(r), and the unknown 
function Twff) were determined through a numerical  solution of the 

heating problem for boundary-value problems of the second kind: 

156 
q1(~)=4 , q~(~)=0. 

100T S + 39 

In these calculations we used an n x m = 50 x 50 difference gr id .  Calculation of one version without i te ra-  
tions in t e rms  of the coefficients in the solution of the inverse  problem required  about 15 rain. In this 
example the average  value of the d imens ion less  integrat ion t ime step was 

AFOav ~ ( C  ta hx ~ 0,03. �9 , v (X~--Xl)~ 
To save computer  t ime,  we ca r r i ed  out the calculations without i terat ions with respec t  to the coefficients.  

The function Tw(r) which we found through the use of the exact data is s table .  When perturbations 
are  incorporated  in the input t empera tu res ,  however,  the calculation becomes unstable.  Smoothing of the 
input data by the regular iza t ion  method leads to a stable and quite accura te  resul t ,  even if the e r r o r s  a re  

large (5% of fmax)- 

It should be noted that in the recons t ruc t ion  of the function by the regular iza t ion  method the resul ts  
found through minimizat ion of the f i rs t  derivat ive alone (k 2 = 0) a re  not sa t i s fac tory .  A sa t i s fac tor i ly  
smooth function is obtained if the functional in (21} is minimized with both the f i rs t  and second derivat ives 
with respec t  to the t ime (k 1 = k 2 = 1 )  taken into account.  

To summar ize ,  we can say that the smoothing of the input data permi ts  an important  extension of the 
range of applicability of d i rec t  methods for solving inverse  heat-conduction problems,  
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We note, in conclusion, that the results found through the use of this algorithm to solve linear in- 
verse problems show that the numerical solution on the bas{s of the implicit approximation scheme has 
"viscous" properties which are much better than those corresponding to direct algebraic methods for 
solving the integral equations. In the numerical approach, the minimum dimensionless time step, AFOcr, 
is about 0.01. 

N O T A T I O N  

C(T), specific heat per unit volume; k(T), thermal conductivity; k(T), filtration coefficient; r 
distributed heat source (or sink); T, temperature;  x, ~, coordinate; h, coordinate integration step; t, T, 
t ime; AT, time integration step; D1, D2, range of integration of the heat-conduction equation; ~(x), initial 
temperature distribution; q, heat flux; X, coordinate of boundary of object; f, input data; 5, error  in 
input temperatures;  A, operator; u, function; fs, input data specified ~4th certain er rors ;  Tw(r), tem- 
perature of the internal surface; Fo, Fourier number; AFo, increment in Fourier number; Tin, boundary 
value at the right-hand limit of the time interval; tl" [l, norm; ~, regularization parameter .  
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